
 

Journal for Algebra and Number Theory Academia 
Volume 5, Issue 4, December 2015, Pages 99-115 
© 2015 Mili Publications 
 

2010 Mathematics Subject Classification: 11. 

Keywords: Diophantine equations; Egyptian fractions. 

Received August 5, 2015 

Accepted November 9, 2015 

VERIFICATION OF A CONJECTURE ON UNIT 

FRACTIONS PROPOSED BY DONALD J. NEWMAN 

NECHEMIA BURSHTEIN 

117 Arlozorov Street 

Tel Aviv 6209814, Israel 

 

Dedicated to the memory of the late Prof. Donald J. Newman 

Abstract 

The numbers ,,434,73,32,21  UUUU  have the property that for ,2i  

each number iU  is the product of all preceding numbers plus one. For all values of k, the sum of 

k reciprocals is less than one. Among all possible sums less than one consisting of k positive 

distinct reciprocals, Newman’s conjecture states that the sum of k reciprocals of the numbers 

iU  is the maximal one. In this article, it is shown that this is indeed true. All the results are 

achieved in an elementary way. 

1. Some Preliminaries 

In this paper we establish the validity of Newman’s conjecture [4] stating 

that for integers naaa  211  satisfying 



n

i i
n a

S

1

1
1

 and nS  is 

a maximum, then at each choice one should take the smallest integer 

satisfying the inequality constraint. In [4], for example when ,4n  one 

would choose .1
43

1

7

1

3

1

2

1
  All the results are obtained in an 

elementary way.  

Authors like L. Brenton - R. Hill, D. R. Curtiss [1, 2] and others have 

considered the problem and related topics. The problem is also cited in [3]. 
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Consider the following integers 

  nUUU 211  

which have the following properties: 

(i) When ,1n  then .21 U  

When ,2n  then 





1

1

1
n

i

in UU  is the smallest integer. 

Thus ,43,7,3 432  UUU  

(ii) 













n

i
n

i

i

n

i

i

i
U

U

U
1

1

1

1
1

 for all values of n. 

(iii) Any two integers sr UU ,  satisfy   .1,gcd sr UU  

The identity 

 
,

11

MNN

M

MNN 



  

where 1,1  MN  are positive integers shall be utilized and is central to 

our study. Only values of M which satisfy  MNNM |  are considered in 

order to obtain two distinct unit fractions in the right-hand side of the 

identity. Hence, NM   is impossible, and .NM   When ,NM   it is 

easily seen that the same denominators are obtained when .NM    

Therefore, without loss of generality, it suffices to consider only values 

,NM   i.e., 
 

.
M

MNN
MN


  Hence 

 
 .|,1

111
MNNMNM

M

MNNMNN






  (1) 
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2. The Main Results 

We begin this section by proving two simple claims on particular sums of 

positive distinct unit fractions. These will be used in the forthcoming 

theorems. Next, the four cases which stem from the problem are 

demonstrated. Finally, three theorems which correspond to the four cases 

establish the desired result. 

Claim 1. Let 
a

a 1
 be the sum of t positive distinct unit fractions, and let 

b

b 1
 be another sum of t positive distinct unit fractions. If ,

11

a

a

b

b 



 

then ,ab   whereas if ,ab   then 
a

a

b

b 11 



 (i.e.: 




b

b
ab

1
 

.
1

a

a 
 

Proof. The inequality 
a

a

b

b 11 



 immediately yields .ab   When 

,ab   then 
ab

11 



 implies that 

ab

1
1

1
1   or that .

11

a

a

b

b 



  

In particular, we can now state Claim 2. 

Claim 2. Let 
a

a 1
 be the sum of t positive distinct unit fractions, and let 

b

b 1
 be another sum of t positive distinct unit fractions. If ,

11

a

a

b

b 



 

then 

.
1

11

1

11












aa

a

bb

b
 

Proof. Both sides of the above inequality yield the respective two 

equalities 

 
   1

1
1

1

11








bbbb

bb
  and  

 
   

.
1

1
1

1

11








aaaa

aa
 

By Claim 1 it follows that ,ab   and hence 
   

.
1

1
1

1

1
1







aabb
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The assertion now follows.  

Let nXXX  21  be positive integers satisfying .1
1

1





n

i iX
 In 

order to show that for every value of ,
11

,

1 1

 
 


n

i

n

i ii UX
n  we shall assume 

that there exists at least one value of n say kn   which is the smallest value 

satisfying ,
11

1 1

 
 


k

i

k

i ii UX
 and reach a contradiction. 

In the forthcoming discussions, we shall concern ourselves in finding the 

best possible choice of values of ,kX  and also of both 1kX  and .kX  

Let 1  be an integer. Four possible cases then exist which are as 

follows: 

(a) .,gcd,1,
1

1

1

1

1
1

1

1

1 





















 


 













k

i

i

k

i
k

i

i

k

i

i

i
X

X

X

X
 

(b) 









































































.1,,gcd,1

,1,gcd,1

,
1

1

1

1

1
1

1
1

1

1

1





k

i

i

k

i

ik

i
k

i

i

k

i

i

i
X

X

X

X

X
 

(c) .,gcd,1,
1

2

1

2

1
2

1

2

1 





















 


 













k

i

i

k

i
k

i

i

k

i

i

i
X

X

X

X
 

(d) 









































































.1,,gcd,1

,1,gcd,1

,
1

2

1

2

1
2

1
2

1

2

1





k

i

i

k

i

ik

i
k

i

i

k

i

i

i
X

X

X

X

X
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The following Theorem 1 consists of both cases (a) and (b), whereas cases 

(c) and (d) are considered respectively in Theorems 2 and 3. Each theorem is 

self-contained. 

Theorem 1. Let kXXX  21  be positive integers satisfying 

.1
1

1





k

i iX
 Let 1  be an integer, and suppose that .

1
1

1
1

1

1

1
















k

i
k

i

i

k

i

i

i
X

X

X



 If 

(i) ,1,,gcd
1

1





















k

i

iX  

(ii) ,1,1,gcd
1

1





















k

i

iX  or ,1,,gcd
1

1

 


















k

i

iX  

then .
11

1 1

 
 



k

i

k

i
ii UX

 

Proof. We shall assume that k is the smallest possible value which 

satisfies ,
11

1 1

 
 


k

i

k

i ii UX
 and reach a contradiction. 

Denote ,
11

,
1

1

1

1













k

i i

k

i

i U

U

U
LX  and .1 UUk  

Suppose (i), i.e.,  


















1

1

,gcd
k

i

iX  where .1  We shall distinguish 

two cases, namely 1  and .1  

Suppose that .1  

Then 

.
1

1

1
1

1
1

1

1

1











 






k

i
k

i

i

k

i

i

i L

L

X

X

X
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By our assumption, it now follows that 

,
1111

1

1

1

1

 














k

i

k

i
ii U

U

UL

L

X
 

and by Claim 1 .UL   The maximal value of 
kX

1
 is .

1

1

L
 Then Claim 2 

implies that 

,
1

1

11

1

111

1 1

 
 















k

i

k

i
ii UUU

U

LL

L

X
 

a contradiction. 

Our assumption that  
 


k

i

k

i ii UX
1 1

11
 is therefore false, and the assertion 

follows. 

Suppose that .1  

Since ,,gcd
1

1

 


















k

i

iX  let 

.
1

1
1

1

1
1

1

1

1











 









k

i
k

i

i

k

i

i

i T

T

L

L

X

X

X







 

Hereafter, one may now proceed entirely as in the former case of .1  This 

then yields the same contradiction as before, and the desired result is 

achieved. 

Suppose (ii), i.e., ,1,gcd
1

1




















k

i

iX  where .1  
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Since ,
1

1

LX
k

i

i 




 then by our supposition   ,1,gcd L  and 


L
 is not 

an integer. Denote 


 B
L

 where B is an integer and .10    Thus, 

.
1

1
1

1

1
1

1

1

1




























k

i
k

i

i

k

i

i

i B

B

L

L

L

L

X

X

X 









 

It is observed, that if our assumption holds when VBXk   where 

1V  is an integer, then it certainly holds for 1 BXk  the smallest 

possible such value. Hence, the choice of 1 BXk  is clearly justified. 

Already mentioned before, 
U

U

U

k

i i

11
1

1








 and .1 UUk  Hence 

 
 

.
1

111

1






UU

UU

U

k

i i
 By our assumption we have that 

U

U

L

L 1


 
 

which implies that UL   or .U
L

B 


  Therefore, UBB    

yields .11  UB  With ,1 BXk  we obtain 

  
     

.
11

11

1

11111

1

1

1

 





















k

i

k

i kii BBBB

BB

BB

B

XXX 










 

Since      ,11  UUBB   it follows that 
     

,
1

1

1

1










UUBB 
 

or equivalently, 
     1

1
1

1

1
1







UUBB 
 and 

   
   

 
 

.
1

11

1

11










UU

UU

BB

BB




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It is observed that the term 
   1 BB 


 is quite negligible as may be 

seen for instance by Example 2 in Section 3. Therefore, it follows by the above 

inequality that .
11

1 1

 
 


k

i

k

i ii UX
 

Our assumption that  
 


k

i

k

i ii UX
1 1

11
 is therefore false, and the assertion 

follows. 

Suppose (ii), i.e., ,,gcd

1

1

 



















k

i

iX  where .1    

Denote G
L




 and .H



 Since ,

1

1







k

i

i LX   then by our supposition 

,
1

1

1
1

1

1

1











 













k

i
k

i

i

k

i

i

i G

HG

L

L

L

L

X

X

X











 

where   ,1,gcd GH  and 
H

G
 is not an integer. 

The remaining part of the case now proceeds entirely as the former case 

when 1,gcd

1

1





















k

i

iX  and .1  This is due to the fact that the only 

difference is that the values L,  used before are now replaced by the values 

H



 and .G

L



 One will then arrive at the same contradiction as 

before, and the assertion follows. 

This concludes the proof of Theorem 1.   
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Theorem 2. Let kXXX  21  be positive integers satisfying 

.1
1

1





k

i iX
 Let 1  be an integer, and suppose that .

1
2

1
2

1

2

1
















k

i
k

i

i

k

i

i

i
X

X

X



 

If ,,gcd
2

1

 


















k

i

iX  then .
11

1 1

 
 


k

i

k

i ii UX
 

Proof. We shall assume that k is the smallest possible value which 

satisfies ,
11

1 1

 
 


k

i

k

i ii UX
 and reach a contradiction. 

Two cases will be considered, namely 1  and .1  

Suppose that .1  

Denote ,
11

,
2

1

2

1













k

i i

k

i

i U

U

U
AX  and .11  UUk  Then 

.
1

1

1
2

1
2

1

2

1











 






k

i
k

i

i

k

i

i

i A

A

X

X

X
 

From (1), when N is substituted by A and M is substituted by B, we 

obtain 

 
 ,|,1

11
BAABAB

BAA

B

BAA






  

which yields for 1B  

 
,

1

1

1

11







AAAA
 

whereas when 1B  

 
.

111

B

BAABAA 



  
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To prove that 11  AXk  and   11  AAXk  are the best possible 

values, it suffices to show for all values ,1B  that the inequality 

    11

1

1

1

1

11











 AAA

B

BAABA
 (2) 

holds. 

Simplifying (2) yields the inequality 

     22
110 AABB   

which is valid for all values of .1B  

Having established (2), the best possible values of kk XX ,1  are now 

  ,11,11  AAXAX kk  and 

 
.1

11

1

1

111

1













k

i
i AAAA

A

X
 

By our assumption ,
11

1 1

 
 


k

i

k

i ii UX
 therefore 








2

1

11
k

i i A

A

X
 









2

1

11
k

i i U

U

U
 and Claim 1 implies that .UA   We now show that even 

with the best possible values 11  AXk  and   ,11  AAX k  

.
11

1 1

 
 


k

i

k

i ii UX
 By Claim 2, we have 

.
11

1

111

1

111
1

1

1

1
2

2

2

2

 































k

i

k

i ii UUU

UU

UU

U

AA

AA

AA

A

X
 (3) 

Applying Claim 2 to (3), now yields 

,
1

1

11

1

111

1 1
22

2

22

2

 
 


















k

i

k

i
ii UUUUU

UU

AAAA

AA

X
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and confirms our assertion. Hence, the assumption that  
 


k

i

k

i ii UX
1 1

11
 is 

false. 

Suppose that .1  

Denote .
2

1

KX
k

i

i 




 Hence, when KA   

.
11

2

1
2

1

2

1











 









k

i
k

i

i

k

i

i

i K

K

K

K

X

X

X 




 

Hereafter, we shall proceed as in the case ,1  where 
K

K 1
 is 

identified with 
A

A 1
 in the former case. In (1), substitute the value N by K 

and M by B. The values of kk XX ,1  are therefore 11  KXk  and 

  .11  KKXk  The same contradiction as in the case 1  is now 

achieved. Our assumption that 



k

i i

k

i i UX
11

11
 is therefore false, and the 

assertion follows. 

This completes our proof.  

Theorem 3. Let kXXX  21  be positive integers satisfying 

.1
1

1




k

i iX
 Let 1  be an integer, and suppose that .

1
2

1
2

1

2

1
















k

i
k

i

i

k

i

i

i
X

X

X



If 

,1,gcd
2

1




















k

i

iX  or if ,,gcd
2

1

 


















k

i

iX  and ,1    then 

.
11

1 1

 
 


k

i

k

i ii UX
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Proof. In both cases, we shall assume that k is the smallest possible 

value satisfying ,
11

1 1

 
 


k

i

k

i ii UX
 and derive a contradiction. 

First, we shall establish the best possible choice of values 1kX  and .kX  

With these values, it will be shown that  
 


k

i

k

i ii UX
1 1

11
 as asserted, contrary 

to our assumption. 

Suppose that .1,gcd
2

1




















k

i

iX  

Denote .
2

1







k

i

i QX  Hence 







2

1

1
k

i i Q

Q

X


 and   .1,gcd Q  

From (1) when N is substituted by Q, we obtain 

 
 ,|,1,

11
MQQMQM

MQQ

M

MQQ






  

which implies that 

 
,

MQQ

M

MQQ 






 

or equivalently, 

 
.

11

M

MQQMQQ









  (4) 

The right-hand side of (4) will consist of two unit fractions, if  ,| MQ   and 

 .| MQQM   Hence, ,1 

MQ
Xk


  and 

 
.1




M

MQQ
Xk 

 

We shall distinguish two cases, namely 1M  and .1M  

Suppose that .1M  
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Then (4) yields 
 

,
1

1

1

1











QQQQ
 and  .1| Q  We now obtain 

 
 

 

 
.

1

1
1

1

1

1

1111
1

1

2

1
1
























 








 QQ

QQ

QQ

QQ

QQ

Q

XXX

k

i

k

i
kii

 

By our assumption that k is the smallest possible value for which 

,
11

1 1

 
 


k

i

k

i ii UX
 it therefore follows that the above form of 





1

1

1
k

i iX
 satisfies 

.
11

1

1

1

1











k

i i

k

i i UX
 Then, with the respective two smallest possible values, 

namely 
 

1
1







QQ
Xk  and ,kU  we have by Claim 2 that 

,
111111

1

1 1

1

11

 


 







k

i

k

i
ik

k

i
iki

k

i
i UUUXXX

 

contrary to our assumption. 

Suppose that .1M  

From (1) we have that  MQQM |  and hence .| 2QM  Denote 

  .1,gcd  aQM  Then   .1,gcd,,  cbacQabM  Moreover, 2|QM  

implies that .|ab  Certainly, there exists a value ,MM   such that 

 MQ |  implying that  cb |  since   .1,gcd a  Therefore 

     
 ab

abacac

M

MQQ









 

is an integer. 

Rewriting (4), we obtain 

 
,

11

M

MQQMQQ












 

where 


MQ
Xk


1  and 

 
.1






M

MQQ
Xk 
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Then 

 
 MQQ

MMQQ

MQQ

Q

XXX

k

i

k

i
kii 








 














 1111
1

1

2

1
1

 

 

 
.

1

M

MQQ

M

MQQ















 

Our assumption that k is the smallest possible value satisfying 

 
 


k

i

k

i ii UX
1 1

11
 implies therefore that .

11
1

1

1

1











k

i i

k

i i UX
 Applying Claim 2 to 

the above form of ,
1

1

1






k

i iX
 and to 





1

1

1
k

i iU
 together with their respective 

smallest possible values 
 

1





M

MQQ
Xk 

 and kU  results in 

   








 



k

i

k

i

k

i

k

i
ikikii UUUXXX

1

1

1

1

1 1

111111
 

and contradicts our assumption. 

Our assumption that there exists a value k for which  
 


k

i

k

i ii UX
1 1

11
 is 

therefore false, and the assertion follows. 

Suppose that  


















2

1

,gcd
k

i

iX  where .1    

Since ,
2

1







k

i

i QX  denote ,, HG
Q







 and   .1,gcd GH  The 

values MHG ,,  now satisfy 

 
.

11

HM

MGG

H

MGG

H





  (5) 
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The right-hand side of (5) will consist of two unit fractions                   

provided  ,| MGH   and  .| MGGHM   Thus, ,1 H

MG
Xk


  and 

 
.1




HM

MGG
Xk  

Observe that (5) is exactly equality (4) when H is substituted for , and G 

is substituted for Q. All other mentioned values in the previous case remain 

fixed here, and one may consider again the two possibilities of 1M  and of 

.1M  As before, in both cases of 1M  and of ,1M  one would now 

arrive at the same two contradictions. 

Our assumption that there exists a value k for which  
 


k

i

k

i ii UX
1 1

11
 is 

therefore false, and the assertion follows. 

This concludes our proof.  

3. Some Examples and Conclusion 

The forthcoming five examples relate respectively to Theorems 1, 2 and 3. 

In particular, they enable us to see the very large difference between 


k

i iX
1

1
 

and 


k

i iU
1

1
 when various values of k are considered. 

The following Examples 1 and 2 correspond to Theorem 1 parts (i) and (ii) 

respectively. 

Example 1. Let .4k  The values 8,3,2 321  XXX  yield 

,
24

23

48

461
3

1






i iX
 where 2  and .,gcd

3

1

 














i

iX  Hence 

,25min 4 X  and  .
1

1806

1805

600

5991
4

1

4

1






i ii i UX
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Example 2. Let .5k  The values 23,11,3,2 4321  XXXX  

yield ,
1518

14691
4

1






i iX
 where 49  and .1,gcd

4

1
















i

iX  Thus 

,31min 5 X  and .
1

3263442

3263441

47058

470571
5

1

5

1






i ii i UX
  

The next example relates to Theorem 2. 

Example 3. Let .5k  The values 10,3,2 321  XXX  yield 

,
15

14

60

561
3

1






i iX
 where 4  and .,gcd

3

1

 














i

iX  With 16min 4 X  

and .
1

3263442

3263441

57840

578391
,241min

5

1

5

1

5 




i ii i UX
X  

The last two examples correspond to both parts of Theorem 3. 

Example 4. Let .5k  The values 11,3,2 321  XXX  yield 

,
66

611
3

1






i iX
 where 5  and .1,gcd

3

1
















i

iX  With 14min 4 X  and 

.
1

3263442

3263441

53592

535911
,232min

5

1

5

1

5 




i ii i UX
X  

Example 5. Let .6k  The values 16,11,3,2 4321  XXXX  

yield ,
528

521

1056

10421
4

1






i iX
 where ,14  and 2,gcd

4

1




















i

iX  and 

.1    With 76min 5 X  and 



6

1

6
1

,10033min

i iX
X  

.
1

08061065005695

08051065005695

100651056

100651055
6

1






i iU
 

Remark 1. It follows from Theorems 1, 2 and 3 that any k integers which 

satisfy kXXX  211  and ,1
1

1





k

i iX
 also satisfy ,

11

1 1

 
 


k

i

k

i ii UX
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and hence 


k

i iU
1

1
 is a maximum. The structure of the numbers iU  has 

already been mentioned in Section 1, and is in accordance with Newman’s 

conjecture. 

Thus, the validity of the conjecture is confirmed. 

Final Remark. In 1962, while studying for the Master's Degree at 

Yeshiva University in New York, the author attended a seminar course in 

unsolved problems in Number Theory given by Prof. Newman. Among several 

problems, this problem was introduced by Prof. Newman. The author views 

this article as a personal closure, and a tribute to the memory of Prof. 

Newman a great mathematician. 
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